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Foreword

Dear reader,

there are a lot of interesting analysis problems scattered in the Internet World. Navigating through different sites you may
encounter an exercise that will catch your attention and possibly you may want to archive it in your collection so to have
access to it later. This is the main idea behind this booklet. The attempt started back in 2014 when an effort to collect as many
exercises as possible began. Basic ideas are being recycled frequently and reappear in many exercises although unrelated at
first.

The booklet contains a collection of interesting problems in Mathematical Analysis. The problems come from various branches
of mathematics.

¢ Real and Complex Analysis 4 General Topology

¢ Multivariable Calculus ¢ Integrals and Series

In each section the reader of this booklet shall encounter exercises that may find out there. Many of them are known to you
but still they are interesting. However , there do exist exercises that demand creativity in order to be solved. The level of
difficulty varies from exercise to exercise and in no way are the problems ordered according to their level of difficulty.

The author ( Tolaso ) started the collection of the problems using exercises that he encountered in his university classes (
Calculus I, Calculus IT and Calculus IV ) and found to be the most interesting and fascinating. He dediced to include non trivial
problems ( as these have nothing to offer usually and rely mostly on definitions ) but challenging ones.

The version you are now reading is Version 11 which is an improvement of the previous Version 10. I would like to personally
thank all those people who contacted me personally to mention any typographical and / or mathematical errors that were
corrected in this version. A big thanks to all of you guys ! I am open to your e-mails for improvements / suggestions . Feel free
to contact me at the e-mail address that you will find at page 2. Last but not least , you are free to use the booklet as an
instructive tutorial to your students. However , be very careful when assigning exercises to them.

Tolaso ] Kos

November 27, 2018
Acknowledgements

¥ Many thanks to all those people ( from all around the world ) who embraced this booklet and have sent remarks and / or
suggestions so that it is improved as well as selecting some of its exercises to assign to their students. I really appreciate
it.

Y The people at TeX Stack Exchange who have suggested some hacks for some parts of the existing code so that
everything fits within the specified margins as well as the suggestion for the first page.

Donation

If you like the work done for this booklet as well as the overall work produced by Tolaso Network and want to donate please
follow the link found at page 2. We thank you in advance.
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Real - Complex Analysis

@ For which a € R does the sequence

Yn = (1+a)(1+2a?) - (1+na™)
converge? Give a brief explanation.

@ We define a sequence x,, as follows

2 2 2
Xn—|—2 + 5Xn—|—1 + Xn
Xn+42 + 5Xn+1 +Xn

Xn43 =

where x1,x2,%3 > 0. Examine whether the sequence
converges.

@ A sequence of real number {x, }5 ciy satisfies the
condition

1
[Xn —Xm| > — whenever n<m
n

Prove that x,, is not bounded.

@ Prove that

lim ((n + 1)(n+2)/(n+1) _ n(n+1)/n) —1

n—-+oo

@ Prove that

lim nsin(2mwen!) = 27
n—+oo

@ Prove that the limit

tanmn

{= lim
n—-+oo n

does not exist.

@ Find the value of

Let | -] denote the floor function. Define

Cln:\/ﬁ_ L\/HJ

(a) Prove that the limit points of a, is the set [0, 1].

(b) Prove that limsup a,, = 1.

@ Let {xnJ%°_; C Rand {ynJ¥_; C (0,+00). Suppose
that {xn /yn}X_, is monotone. Prove that the sequence
{zn}nen defined as

X1 Exe o+ Xn
" yityet o+ un

is also monotone.

Evaluate the limit

_on+nf4nd4 40t
{= lim
n—+oo M 42N 4 30 ... 4

@ Let {xn Inen be a sequence defined as

Xn =sinl+sin3+sinb+---+sin(2n—1)

Find the supremum as well as the infimum of the
sequence Xn.

@ Let & € R such that o/t ¢ Q. Prove that the sequence

wq, = sin(sin &) + sin(sin(2x)) + - - - + sin(sin(no))

is bounded.

Let {an nen be a sequence of real numbers that is
defined recursively as

Ant1 =+/nan-1 N =2

and as > a; > 0.

(a) Prove that a,, converges.

(b) Prove that lim a, = {/a3a;.
n

Stoo
(c) Let Dy, be a closed interval with endpoints the
terms asy , don—1 of the sequence. Find the

intersection of the intervals D, , n € N.

Let 0 < a < b be real numbers. Define a sequence xn,
as follows x; = a, xo = b and

Xon + Xon—1

Xon+1 = vVX2nXon—1, X2n42 = B

@

Prove that the sequence converges and find its limit.

EThe limit of the sequence is

= 2\/)(72\/)(,277(1
21log (/X2 + /X2 —x1) —log x4




Mathematical Analysis ...

... A collection of problems

Version 11

For a sequence A = (ag, aj, as, ...) of reals, let
SA = (ao,a0+a1,a0+a1+a2,..
of its partial sums ag + a; + az + .... Can one find a
non-zero sequence A for which the sequences

A,SA,SSA,SSSA, ... are all convergent?

Let F,, denote the n-th Fermat number 22" + 1.
Evaluate the limit

{= lim
n—-+oo

6F1+\/6F2+\/6F3+\/---+\/6Fn

(J

@ Let H,, denote the n - th harmonic number. Define the
sequence a, as follows

an = n.‘Hn lem(1,2,...,n)

where lem(, -, ) is the least common multiple.

((

a) Prove that log an, ~ e™log? n.
2 g

(b) Prove that all the terms of the sequence are
integers.

Define a sequence a,, as follows

a—l a _1—#(1121
1_2 ) n+1 — 9

(]

(a) Use induction to prove that % <an<angp1 <1l

(b) Prove that the sequence converges and find its
limit.

(c) Prove that for n > 9 it holds that

n

an — ——| >
" n—i—l‘

an

Define

fn(X):% , xeR,neN

Examine the pointwise convergence as well as the
uniform convergence of fy,.

Sp_ 13
=3

€1n fact this is equivelant to proving lem(1,2,...,n) ~ e™.
€This is called quadratic map.
http://mathworld.wolfram.com/QuadraticMap.html

. ) be the sequence

For more information check at

Given the sequence of functions

fo(x) =cos™x, 0 <x <7
Prove that

(@) lim fy, (x) = 0 but fy, (71) does not converge.

(b) Prove that f, converges pointwise but not
uniformly on [0, 7t/2].

Let f: [0,1] — [0, 1] be a continuous function. We
define

Xnp1 =f(xn) , %0 €[0,1]

where xg is picked arbitrary. If xn 11 —xn — 0, then
prove that x,, converges.

Let {an Jnen be a real valued sequence such that the

o o
. 2 . a
series Zl az converges. Prove that the series Zl —
n= n=

also converges.

Let {an Jnen be a positive real valued sequence. If the
o0

series ) ap converges prove that the series
n=1

X n/(n+l)
> an also converges.

n=1

Let u,, be a sequence such that

A 1
n n

where A does not depend on n and A < —1. Prove that
o0

Un+4+1
Un

the seies )y, converges absolutely.
n=1

Let @ € R\ Z and let us denote with |- | the floor
function. Prove that the series

v [n«
5= 5 (ol
n=1
diverges.

(16th Cuban Mathematical Olympiad)

Let a,, be a positive and strictly decreasing sequence
such that lim a,, = 0. Prove that the series

Typesetting KIEX
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o
. Z an — Qn41
an

(]

diverges.

@ Let P denote the set of prime numnbers. Discuss the
convergence of the series

8:Zsinp

peEP P

Examine whether the (double) series

2 o sin(sin(nm))
2 ) wrime

(]

converges.

Let {Xy1 }nen be a sequence of strictly increasing
positive integers. For each n > 1 let W;, be the least

common multiple of the first n terms X1, Xa, ..., Xq.
Prove that, as n — +oo, the series

Wl Wo Wh

converges.

Let {an Jnen be a strictly increasing sequence of

n
1
positive integers. Prove that the series Z —_—
i—0 [aiv ai+1]
converges. Here [+, -] denotes the least common

multiple.

(]

SHint: Let x4, ...,xn € (0,1). It holds that

n
> 1—HX1
i=1

n

Z(l—xi)

i=1

S1t appears that this problem is quite difficult. It appeared in several fora
including math.stackexchange.com as well as mathematica.gr. In both went
answered till today. In math.stackexchange.com they suggest that the series

converges and its limit is %

=_.
SHint:
n n
Z Z (ai, aiy1)
P lai, Qiqq] =0 AiQiqq
=g a
i+1 — Ui
<2 o
i—0 ili+l
n
Yoo
i—0 ai Qi1

@ Let f: (0, +00) — R be a positive differentiable
function such that its derivative is positive. Prove that

[oe)
the series Z fl
n=1
o
>
n=1

f'(n)
2
@ Let 3{;, denote the n-th harmonic number. Study the
convergence of the series

converges if-f the series

converges.

for the different values of o > 0.

@ Let H,, denote the n -th harmonic number. Prove that

the series
o0
n  Vlogn!
()"
2 og (Bt )
converges.

Let H,, denote the n - th harmonic number. Prove that
the series

ad _1log(Hn)
E (_1)n 1
n=1

converges.

@ Let H,, denote the n - th harmonic number. Prove that
the series

[ee] ng{
2 e

n=1

converges.

Let {an Jnen be a positive real valued sequence such

e8]
that the series ) a, converges. Examine the
n=1
convergence of the series

> sin an
S = 1—
Z( an >

n=1

1 1 1

Qo an Qo
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@ Let {Xn Jnen be a real valued sequence of positive terms

o0
such that )  x, converges. Set

n=1
1 1 1
Sn=—+—+-+—
X1 X2 Xn
Prove that the series Z 5 converges.
n=1 XnSn

Let o € R. For which values of &« does the series

X /i n \“
S:;(Qarcsinn+4>

converge?

Examine the convergence of the series

B i sin(sinn)
n=1 n
Does it converge absolutely? Justify your answer.

Let a,, be a sequence of positive terms and suppose that
o

D an converges.
n=1

(a) Prove that the series Z also
Zk 10k

converges.

(b) Find the smallest possible value of A such that

(o.¢] (9]

Prove that the series

=
&

converges if and only if & > 0.

sin(logn)

For what values of x € R do the series

o0 o0

(a) Prove that x;; ~ %

(b) Prove that x,, converges to 0 monotonically
decreasing.

(c) What inequality should f3 satisfy in order the
series

SZixE

n=1

to converge?

Let a, ~ Bern (%) i.e. each a,, is 0 or 1 with
probability % Prove that the series

is almost everywhere divergent.

What can you say about the uniform convergence of
the series

0 n+1
Z sin(n7mx) ,

n=1

x € R

(@

Let x € R. Consider the series

-1

(A) (a) Prove that 8 converges forall x € R.

(b) Prove that (1) is not a Fourier series of a
Lebesgue integrable function.

(B) Examine if the function defined at (1) is
continuous. Give a brief explanation to support
your argument. =

CcOs X
is both Riemann

(C) Prove that the series Z

and Lebesgue 1ntegrable as well as a Fourier series.

EHint: It holds that

= > cos(2™x) (i) 82 = ) sin(2™x) x

n=1 n=1 5 , 0<x<1
e
converge? > ST = 0 ., ox=1
n=1
—2

. M s 1<x < 2

Define x,, recursively as: 2

X1 =1 , Xni1=sinxn €Do the same question for the quite similar series Z :lr(l) Z_:L
Typesetting BIEX Page 8 of 32 Editor: Tolaso J. Kos
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@ Let a € Z. Define the function

f(x) =sinax, x € (0, m)

Prove that f can be expanded into a Fourier cosine
series and that it holds

cos(2n + 1)x

4a &
?Zaz_

, aeven
- (2n+1)2
sin ax ~ A “1*0 5
a cos 2nx
 |2a2 Z a2—4n2] » @odd
=1

Let A C R be a set of finite measure.

(a) Find the Fourier series of | sin Ax|.

(b) Evaluate the limit

= lim

/ | sin Ax| dx
A—+00

Let f: [—

(a) Expand f in a Fourier series.

(b) Prove that
Lo 1
M) 5=+
n=1
2

e 1 s
(i Zl on—12_ 8

(c) Apply Parseval’s identity to evaluate the series

> 1
:Zﬁ
n=1

7, 71] — R be defined as f(x) = |x].

Expand the function

f(x) =log (1 —cosx) , x € (0, g)

in a Fourier series.

@ Let {an Jnen be a bounded sequence. Prove that the

o
. an
sequence of functions defined as Zl 2% converges
n=
absolutely and uniformly on (0, +-00) to a differentiable

function.

(Question from a Real Analysis Exam

University of Ioannina , Greece)

@ Examine if there existsan 1 — 1 function f: N — N
— f(n)
such that E 1 2

n=

@ Examine whether the series

S = isin {T{(Z-f—\/g)n]

n=1

converges.

converges.

Examine whether the series

$=) <e— (1+i)n>
n=1
converges.
@ Let {an Jnen be a real valued sequence such that the

. an
series E — converges. Prove that
n

n=1

. a+a+---+a
lim

n—-+oo n

n_

Given the sequence of f;, : R — R wheren € N
defined as

o0
=Y
n3 4+ x?2

n=1

fn(x)
prove that

(a) the serieses Z fn and Z !, converge

uniformly to functlons f g: R — R
(b) the functions f, g are continuous.
() f'=g.
(d) it holds that

(@

) 1 (o] 1 1
(i) / f(x)dx =2 Z In arctan T
——)

(i) / xig(x

Consider the real valued sequence {yn }nen such that
forall real valued sequences {xn Jnecny with limx,, =0
o

the series ) Xnyn converges. Prove that the series
n=1

(o0]
>~ [yn|also converges.
n=1

EWhat can you say about the integral f t) dt? Does it converge?
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Let {an Jnen be a decreasing sequence of positive terms.

Prove that the series ) an, sin nx converges uniformly
throughout R if and only if na,, — 0.

Let {an Inen be a decreasing sequence of positive terms.

o0

Prove that the series ) an cosnx converges
n=1

[ee)
uniformly on R if and only if the series > an

n=1
converges.

Let H,, denote the n -th Harmonic number. Prove the
inequality

T~
6

N
7N
A
Do
S~
A\
I
o)
BN
3
o
0E!
X
3

(]

converges for almost all x.

Prove that the series

o0

B cos(logk)
= Z —

n=1

diverges by first proving that

N
1
Z @ =sinlog N + Re((1 +1) + O(NH
n=1

What is the monotony of the function
0 00 i.k
=TI b ez
i=—j k=0

Let f : [—7, 1] — R be a Riemann integrable function.

Prove that
7T 7T
lim f(x)cosnxdx = lim f(x)sinnxdx =0
n—-+4oo - n—-+oo —7

€You might consider ideas from this link.

Prove , without using special functions, that the integral

™ Inx
dx converges.
0o X+

. Let frn(x) : [0,1] — R be a sequence of functions
convergmg uniformly to a function f. Prove that

1

1
lim fn(x)dx:/ f(x)dx
0

n—-+oo 1/TL

Let f, g : R — R be 1 periodic and continuous
functions. Prove that

1 1 1
lim ; f(x)g(nx)dx:/o f(x)dx/o g(x)dx

n—+o0o

Let f,g : [0, 1] — R be continuous functions such that
0 < f(x) < cg(x) forall x € (0, 1). for some constant c.
Evaluate the limit:

-4 flxn)
= lim ( 1y 7Xn)
n—+oo 0 g -+ g(xn)
Evaluate the limit
_ xl =+
o ngrw{loo/ / X1+ -+ Xn d( Xn)

Let f: (0, +00) — R such that, forall x > 0, the limit

lim f(nx) € R. Examine if the limit lim f(x)
n—+oo X—>+00

exists in R if:

(a) fisa continuous function.

(b) fis an arbitrary function.

(a) Give an example of a bounded function
f:(0,+00) — R such that the limit { = lim f(x)
x—07F
does not exist.

(b) If f is a function such as described in (a) then
examine if the following limits exist.

(i) & = 1118+ xf(x)
(i) o = lim (1 —x)f(x)

x—07F

@ Find all polynomials P such that sin P(x) is periodic.
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@ Let f: [a, b] — R be a continuous function. Prove that

b b
f 1
(X)dx—/ f(x)dx
a 3+ 2cosnx V5 Ja

lim
n—+o00

Evaluate
n—1 1
— 1 —n? =
= i T ()
k=0
@ Prove that

1
1
min/ |x“+a1x”*1+---+an‘dx:—
ai€R Jo 4n

n

Let p, q be two points and 'y be a curve passing through

these two points. Prove that

(@) v'(t) - u < ||y’(t)|| where u is an arbitrary unit
vector.

(b) that the segment of the curve y between the
points p and g has length at least equal to the
distance ||q — p|| by considering as u = Hg%&l'

(@

@ Let f : R — R be a differentiable function such that
f/(x) = 0 forall x € Q. Does it necessarily follow that f
is constant throughout R? Explain your answer.

Find all functions f : R — R that preserve convergent
series. (That is a function preserves convergent series in
the sense mentioned above if Z f(an) converges
whenever ) _ an converges.) =

Find a function f defined on R that is not constant and
in every interval (x1, x2) there exists an a such that

f(a) = max{f(x1), f(x2)}

(©

€The conclusion of this exercise is to show that the line is the shortest
distance between two points.

EThe answer to this difficult question is that the only functions with this
property are of the form f(x) = Ax, x € (=5, 5).

€The function which is equal to 1 everywhere except at 0 on which it is
equal to 0 is such a function. The non continuous functions of the Cauchy
equation are also such functions and

f(x) = {0
q

if x = 0 or if x is irrational

if x # 0 is rational with x = p/q where q > 0 and ged(p,q) =1

@ Examine if there exists a function f : R — R such that

f(f(x)) = x> + 1 forall x € R

Let f : R — R be a continuous function such that:

flx)=f(x+1)=Ff(x+2m1) , VxeR

Prove that f is constant.

A function f : R — R is defined as

x2n 1

f(X) = nl}Ierloo X72T1 T 1

Where is f continuous?

Given a continuous function f : R — R such that forall

x € R\ {0,1}
X 1
/O £(t) dt > /X £(t) dt (1)

prove that £1 f(t)dt =0.

Let f : [a, b] — R be a continuously differentiable
function such that f(a) = f(b) = 0 and

b
j;l f2(t) dt = 1. Prove that:

Let

f(x) = sinxsin(2x) sin(4x) - - - sin(2™x)
Prove that

T
3

|f(x)|<j§\f( )|

Prove that for every x € R the inequality

2n 2n—1 2

L4 x b e x4+ 1>0
2n)!  (2n—1)! 2!

holds.
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@ Prove that for arbitrary real numbers aj, as, ..., a, the Let f : [2,4+00) — R be a uniformly continuous

following inequality holds. function. Prove that the integral
o0
f
m+n = 2 XxX“log™Xx
mn=1
converges.

(((

Let f: [0,+00) — R be a continuous and strictly

f(x)

Let {an }nen be a sequence of positive real numbers. convex function such that lim —— = +o00. Prove

Prove that x—+oo X
mn
. a +a
lim sup <1n+1> = e

n—+oo an

that the integral i;oo sin f(x) dx converges but not
absolutely.

(@

Examine if there exists a continuous function
f:[1,4+00) — R such that f(x) > 0 forall x € [1, +00)

o0 oo
such that j; f(x) dx converges whereas fl‘ f2(x) dx
Let € denote the Cantor set. We define the function diverges.

xe : [0,1] — R as follows:

(@

Let f : [a, b] — R be a Riemann integrable function. If

1, xeC@ f(x) = 0 forall rationals of the interval [a, b] then prove
= b
xe {O , elsewhere that L f(x)dx = 0.
(a) Prove that X is Riemann integrable. Prove that there exists no rational function such that
1
(b) Evaluate £ Xe(x) dx. 1

1
fn)=14+-4+---4+—
2 n

Prove that the function f : R™ \ {0} — R defined as
foralln € N.

Let f : R — (0, 4+00) be a function such that forall

f(X) = ia 5 a > O
[B4] x € R it holds that

is a vector field but its domain is not star-shaped.
f(x)log f(x) = e* (1)

Does the ordered field of the rational functions satisfy

. . Evaluate the limit
the axiom of completeness? Explain your answer.

€A solution goes along these lines: ) log x f(x)/x
(= lim (1+
£ a4a k 1 X— 400 f(x)
Z mtn Z / amantm+nfl dt
m,n=1 m+n mmn=1"0
’ ' . (Romania , 1986)
1
- / < Z amantm+“1> dt
0 — ]
et ) Letn € Nandlet f: [—1,1] — R be a continuous
1 k .
_ / S ant™ i) at function such that
0 m=1
20 1
/ X2 f(x) dx =0
1] —1
In fact the above inequality tells us that the matrix [ } is posi-
‘ o MM Prove that f is odd.
tive semidefinite.
SThis is a very difficult exercise. One solution may be found at M. Hata’s €1 currently have no solution to this , demanding , exercise. It was an

notes. Another solution is to contradict the result and move along those lines. exam’s question.
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@ Let G denote the Catalan constant. Prove that

1
tanh
log(l—i—\@) </ an de<9
0
@ Evaluate the limit
. ke l arctan (h)
Q= lim
n—>+oo k

)

(Dan Sitaru)

11 +2\/1 + = arctan(

@ Evaluate the limit

Q= lim arcsin
n—-+oo

2
=1 ns+k

Let ¢ denote Euler’s totient function. Evaluate the limit

1 1\*
- <1 — ) = min{l, a}
k n

Let us denote with ( the Riemann zeta function with
the n — th

. 1
lim E
n—+oco logn
1<kg<na

¢(0) = —%. Let us also denote with ¢(™)
derivative of zeta. Evaluate the limit

(n)
{= lim S0
n—-+oo

@

@ Let C denote the Riemann zeta function. Evaluate the
limit
=1
= i e- 3 )

@ Let C denote the Riemann zeta function. Evaluate the

limits:

EThe above limit tells us that (™ (0) ~ —n!.

@ & = lim Cn)
(b) Lz = lim {/C(n)—1

Let ¢ denote the Riemann zeta function. Evaluate the

limit

1 «— 1
ﬁzngrw{looc Zkin

(((

@ Let H,, denote the n - th harmonic number. Prove that

lim n(Hy,—logn—vy) ==

n—-+4o0o 2

= _y 07
sty =y U

j=1

Prove that the limit

{= lim n[a-f\;—

n—+oo

CH:Qn + 9'Cn

does not exist.

Let H,, denote the n - th harmonic number. Prove that

1 & /n
<ﬂ{n ~ o > <k>}ck> =log?2
k=1
@ Evaluate the limit

(= lim (n1)?
 nS+oo (1 + 12)(1 + 22) s

lim
n—-+oo

(1 +mn2)
@ Let " denote the Euler’s Gamma function. Prove that

Vo1
- 31/1026/5\/;T

@Letf:[

continuous function. Prove that lim f(x) = 0. Does
X—>—+00

this result hold if we drop the assumption of the
uniformly continuous ? Explain your answer.

0,+00) — R be an integrable and uniformly

Define a function f : R — R such that for every q € Q
must hold f(q) € Qbut f'(q) ¢ Q.

€n fact prove that £ = 1.
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@ Let f: [0,1] — R be defined as: @ Let f: [0, 1] — R be a continuous function such that

flx) = 0 , x€[0,1]1Nn(R\Q) 1 1
T lxn , x=qn €100,11NnQ /0 f(t)dt = /0 tf(t) dt (1)
where x, is a sequence such that limx,, = 0 and

0 € xn < 1 and g, be an enumeration of the rationals
of the interval [0, 1]. Prove that f is Riemann integrable

Prove that there exists a ¢ € (0, 1) such that

0
and that£ x)dx = cf(c) = 2/ f(t) dt
C
Let f be holomorphic on the open unit disk D and
suppose that @ Let f : R — R be a differentiable function such that
/ (2 ) < +o0 /(%) = 200 () 1)

o Find an explicit formula for f.
If the Taylor expansion of f is of the form )  anz™

. ) n=0 @ Let f: [0, 1] — R be a continous function such that
then prove that the series Z |an| converges 1
p 2w ges. J f(t)dt =1and
Let f;, be a sequence of real valued C! functions on /1 (1— (x)) o) gy < 0 (1)
[0, 1] such that forall n € N the following hold: 0 h

B (x) < LX 0<x<1) Prove that f(x) = 1 forall x € R.

] L dx = Let f: [a,b] — [0, +00) be a continous and not

everywhere 0 function. Prove that

b
1
[0 at -

L , lim =4 ————— = sup f(x)
@ Let X denote the characteristic function of the nistee b () dt <elab]

Prove that f;, has a convergent subsequence that
converges uniformly on [0, 1].

rationals in [0, 1]. Does there exist a sequence of

continuous functions f, : [0, 1] — R such that f,
converges to Xg pointwise? @ Examine if there exists a continuous function

f:[1,+00) — R such that f(x) > 0 forall x € [1, +00)

t) dt converges whereas foo f2(t) dt

and )

@ Let f: [0, 1] — R be a continuous function such that
1

diverges.

1 1
/ f(t) dt :/ tF(t) dt = 1 (1)
0 0 Let x € (—%, %) and consider the function

1
Prove that ﬁ f2(t) dt > 4.

=
=

x X
f(x):altanx—l—agtanf—i—‘--—kantang

Let f: [0, 1] — R be a continuous function such that 2

L ) where ay,as,...,an € Randn € N. If [f(x)| < [tan x|
/ f(t)dt = / tf(t) dt (1) forall x € (—5, 5) then prove that

0 0

Prove that there exists a ¢ € (0, 1) such that ‘(11 + az N an <1
2 n

¢ c [€ €Do the same exercise with the extra assumption that f is uniformly con-

/0 f(t)dt = 2/0 f(t)dt tinuous.
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@ Let f: [0, 1] — R be a twice differentiable function with Evaluate the sum

(=)

(22

)

a continuous second derivative. If n is a natural number
greater than 1 such that

e £(0) + f(1)
e(E) -

then prove that

1 2 1 1
</0 f(t)dt> < 5'n4/0 (f(1))? dt

Prove that every function f : Q — Q can be written as

the sum of two 1 — 1 functions g, h: Q — Q.

Give an example of a function f : R — R such that any

rational number is its period but any irrational is not.
Also, prove that there exists no function g : R — R
such that any irrational is its period and any rational is
not.

Prove that the function

f(x) = {sin (BHQ X) , zig

has a primite on [0, +00).

(Constanza , 2009)

Let F be an ordered field. Define f : F — IF such that it

satisfies

f(x) — )l < lx—yP, Vx,yeF
Is IF necessarily Archimidean?

Compute the limit:

1 n—i 3n—j
= lim — 1 1
¢ Rt n2 Z " <3n+i> " <3n—|—j>

1<igign

Compute the limit

n

=2 2 el

k=1 1<ii<—-<ign

@ Compute the limit

mlogn
_ngr—lr—loo 212112+] 2
i=1j

@ Let C denote the Riemann zeta function. Prove that

s
A o7 = RE)

Let |- | denote the floor function. Prove that forall
n € Nit holds that

1
<H<(x+1)1_5 , x>0,0<s<1

(a) Let a > 0. Evaluate the integral

a
J(a) :/ log (1 + tan atanx) dx
0

(J

d(a)

(b) Evaluate the limit lim ——=.

a—0 (13

Let max{, -, } denote the max function. What can you

say about the integrals?

o= //max{x?’,y?’}d(x’y)

EThis inequality is better known as Gautchi’s Inequality.

{ = Ilim l Z k+n €vou might as well evaluate the integral first by making the substitution
noteon = n 4 2vn?+n+k y=a—x
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/ / max{xg d(y,XJ

What does this exercise teach you? €

@ et

Evaluate the integral

-) denote the usual inner product of R™.

where § is a positive symmetric m X m matrix and
a>0.

Prove that for an entire function f holding
f(z)
Tz

lim = 0 then f is constant.
Z— 00

Let f : C — C be an analytic and 1 — 1 function and let
D be the open unit disk. Prove that

// ’f'(z)} dz = area(f (D))
D

(©

Let n € N and f be an entire function. Prove that for

any arbitrary positive numbers a, b it holds that

LG e M (24 ae't) dt <a>n
£27T e Intf (z + belt) dt

@ Let a,b € C such that |b| < 1. Prove that

1 z—al? la —bl?
— dz| = 1
o 2o Tt
|z]=1
Deﬁne
1 1—22 1—102
f il )
(2) = z z—2 z—lO

Evaluate the contour integral yg f(z) dz.

|z|=100

€Does symmetry help you to evaluate the integral? Where is the flaw in

this method? Give a brief explanation.
EThis is known as Lusin Area Integral Formula.

Prove that there does not exist a sequence {pn (z)hen

of complex polynomials such that pn, (z) — %
uniformly on Cg ={z € C||z| =R}

@ Let f be a meromorphic function on a (connected)

Riemann Surface X. Show that the zeros and the poles
of f are isolated points.

Let us prove that 0 = 1. We begin by stating Picard’s
Little Theorem:

C — C is entire and non-

If a function f :
constant, then the set of values that f(z) assumes
is either the whole complex plane or the plane mi-
nus a single point.

Let us now consider g(z) = e* which is definitely
complex differentiable. Since the composition of
complex differentiable functions is also complex
differentiable then the function

is also complex differentiable. Also, f is not constant;
that is for sure. Since there exists no z such that e* =0
then 0 and 1 are not in the range of f. However, this is
an obscurity unless 0 = 1.

(]

Find the flaw in the above argument.

n € NU{0}. Prove that

denote the n - th polygamma function and let

(@

@ Consider the points O(0,0) and A(1,0). Let I'(x,y) be

a point of the plane such thaty > 0. Set @(x,y) to be
the angle that is defined by OI" and AT. ( the one that is
less than 71.) Prove that the function @(x,y) is
harmonic.

EThe flaw is not in the theorem!
gActually the above inequality is a consequence of a stronger one namely
this:
VM ()™ (z) > “(z)

€ N. The proof of it may be found at Joy of Mathematics.

whenever ™%

Typesetting KIEX

Page 16 of 32

Editor: Tolaso J. Kos


http://mathworld.wolfram.com/PolygammaFunction.html
https://www.tolaso.com.gr/?p=1221

Multivariable Calculus

Let f be analytic in the unit disk D. Suppose that (b) Can you deduce if the function

Re(f(z)) > 0 forall z € D and that f(0) = 1. Prove that _
fxy) = (x =y’ x> —y?)

1—|z| 1+ |z| i i i
< Re (f(2)) < If(2)] < isa vect(.)r field by basing your reasoning solely
1+ |z| 1—|z| on question (a) ?
@ Let f(z) € Q[z] be irreducible with degree n > 1. If f (Question from a Real Analysis Exam
has a root on the unit circle then n is even and University of loannina , Greece)
1
zZ"f <Z> = f(z) (a) Let f € €2 (R) such that div grad(f) = 0 and
D C R2 be a C! normal set. Prove that
@ Find all smooth functions g with domain R? \ {(0,0)} of  of
such that yg <ay’_ax> ~dxy) =
oD
Vg=(— Y ’ S (b) Examine if
X2 + -92 X2 + UZ

2

f(x,y) = (2xcosy, —x?siny)

(]

is a conservative field and if so, find a scalar

Let f : R™ — R be a smooth function. Prove that there potential.

exist functions gi, i =1,...,n such that
(Question from a Real Analysis Exam

University of Ioannina , Greece)
f(x1,%2,...,xn) — (0 legl X1,X2, .., Xn)

@ Prove that for every c > 0 the set
@ Given the curve y(t) = e ' (cost,sint) , t >0

(a) Sketch its graph. Brg=ilxy.2) € RY: (x—~f(2)*+(y—g(2))* <, 2 € la, bl}

(b) Evaluate the length of the curve as well as the has the same volume for every function
following line integrals f,g:la,b] — R.
@) yg(x2 + 92) ds (ii) yg(—y, x) - d(x,y) Consider the subset of R3
Y Y
(Question from a Real Analysis Exam B={(x,y,z2) eR®: x> +y?<z<a},a>0

University of Ioannina , Greece)
(a) Evaluate

@ (a) Let D C R? be the unit disk and 9D be its positive (i) the volume of B.

oriented boundary. Evaluate the following line (i) the triple integral

i 1
integra T = ///(x2 +y%)zd(x,y, z)
7§(X—y3,x3 —y7) - d(x,y) '

oD

€such functions do not exist. Reason being that if we consider C(R) to be

(iii) the area of the boundary of B.

(iv) the surface integral

a circle of centre 0 and radius R then 0 = ¢ Vgdr > 0 which is obsiously
eir) 8:§1§\/1+4z2d0
oB

an obscurity.

17



Mathematical Analysis ...

.. A collection of problems

Version 11

(b) Express the volume of B through a suitable
continuously differentiable G : R? — R3 and
through a suitable surface integral.

@ Prove that the work
(x,y,2)

wz—yf
; (x2 + y? + 22)3/2

: d(XaEJ,Z)

produced along a C! oriented curve y of R? \ {(0,0,0)}
depends only on the distances of starting and ending
point of y about the origin.

@ Let V.

radius R > 0 in R™. Prove that forn >

R) be the volume of the ball of center 0 and
3 it holds that

V(1) = V(1)

Let S denote the area bounded by the curves x?y = 1

and x*y = 2 as well as the lines y = x and y = 2x and
let v denote its negative oriented boundary. Evaluate

J= 95 — —6y dx+(4x—7y7) dy

Let u: R? — R be a continously differentiable function

and let C, be the circle of origin (0, 0) and radius r > 0.
Prove that:

1 .

— lim —

2 r—=0 T
Cr

Let f (x) =x' Qx wherex| =

Q is the diagonal matrix

uds =u(0,0)

(X1,...,%Xn) € R™ and

qgq 0 ... 0
0 qd2 .

Q=1 . . gueR, i=1,...,n
0 0 dn

(a) Give the derivative as well as the Hessian matrix

of f.

(b) Give conditions for the qi such that f has a) a
local maximum b) a local minumum and c) neither
of the previous ones.

(c) Compute the Taylor polynomial of degree k of f
around x = 0 forall k € N.

Let $ = [0, 1] x [0,1] C R?. Evaluate the integral
3 = //maX{XaU}d(ny)
8

Hint: It holds that

Xy} = x , 0
maxx,y—y 0<x

Hence

/Olfolmax{x,y}d(x,y) =/01/0Xxd(y,x)+
+/01/0yyd(x,y)
:2/01/0Xxd(y,x)
/legdx

2
_2
3

@

@ Let M be the interesection of the elliptic cylinder

2 2
L+% 1 and of the ellipsoid
2 2 2
L+%+i 1a>0,b>0,¢>0

For all n € N evaluate the integrals

Ihw = /// (a®b? — b*x? — a2y2)n7% d(x,y,z)
M

(Question from a Real Analysis Exam

University of Ioannina, Greece)

Let C = [0,1] x [0, 1] x

cube. Define the function

x [0,1] € R™ be the unit

€ An interpretation of this integral; if you have two 1ndependent uniform
(0,1) random variables, the expected value of the maximum is Z. (And the
expected value of the minimum 1s =.)More generally: if you have n indepen-
dent uniform (0, 1) random varlables the expected value of the maximum
is 717 In more detail: if you order these random variables after the fact so
that Y; < Ya < -+ < Yy, then the expected value of Yy is nLH (The general
name for this sort of reasoning is order statistics.)
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General Topology

x1X2-..Xn
XXy A X"

f(X17X27"')Xn) =

where a; arbitrary positive constants. For which values
of aj > 0 is the value of the integral f o [ finite?

Let f : R — R be a function such that f(x) > 0 and

LO:O f(t) dt = 1. For r > 0 we define

Lo(r) = // 1) F(x2) - Fxn) dlxt, X, .

X3 4x34- XL
Evaluate lim I, (7).

LetD ={z € C| |z| < 1}. Let A denote the area

measure on D normalised so that A (D) = 7t. Verify or

(i)

For a given function f : R? — R3 the f [f(x)| dx exists.
R3
If for every plane P of R? it holds that f f(x)ds =0
P
then prove that f is the zero function. €

disprove that

2 3
T
dA = —
6

e

1—2z

(@72

Let A C R™. If A is Jordan measurable and has zero

measure prove that
A

@ Find a countable and dense subset of R \ Q with respect
to the usual topology.

1dx=0

@ Let X = [0, +00) U {+0c0}. We endow it with the metric

p(x,y) = |arctan x — arctan y|

Prove that under this metric X is separable , complete
and compact.

= . .
=As a hint you may use Fourier transform.

@ Does there exist an enumeration {qn € Q: n € N} of Q
such that

Prove that there does not exist an 1 — 1 and continuous
mapping from R? to R.

1
Qn—aﬂln‘*‘g

R*g(

Let () be a metric space. Suppose that every bounded

subset of () has at least one accumulation point. Prove
that Q is a complete metric space.

(a) Let (X, p) be a compact metric space and let

f: X — X be an isometry. Prove that f is onto.
(b) Prove that the {2 space (that is the space of the

e8]
sequences for which Y_ x2 converges) is not
n=1
compact endowed by the metric

7X71)

p(XmUn) =

Prove that there exists no continuous and 1 — 1 map (

depiction ) from a sphere to a proper subset of it.

Is the set 8§ = R? \ Q x Q complete? Give a brief

explanation.

Let R™ = {x € R : x > 0}. Endow it with the metric

d(Xa‘J) = X y

1 1 ’

(a) Show that the sequence a,, = n is a Cauchy one.
(b) Is the sequence % a Cauchy one?

(c) Show that any sequence a,, in R™ converges in
R* in the metric d above if and only if it
converges in R in the standard metric [x — y| and
that the limits in the two cases are equal.

Let us define the following function:

as well as dm (x,y) = f(|x —yl).

0<xx«l
x>1

X
1

9

f(x)

)
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(a) Show that d, is a metric on R. You may call it the
mole metric. If points are close (closer than one
meter), their distance is the usual one, but are they
far apart (more than one meter) we do not
distinguish between their distances; they are just far
apart.

(b) Show that R endowed with the above metric is
complete and bounded but not compact. Is it
totally bounded? Why / Why not?

(]

Prove that the set R? \ {0, 0} is not simply connected.

For allmn € N and for all x{,i =1,2,...,n there
exists z € X such that

Prove that a metric space (X, d) containing infinite
points, where d is the discrete metric, is not compact.

@ Prove that the set
Find a sequence of open sets {Gy, }n e of R such that

A ={(x,y) € R*|ycosx +xsiny =1}

is not path-connected with respect to the relative

topology of R?.

@ Find ( or construct ) a continuous function from the
(a) Let 8 € R\ Q. Prove that the set

positive rationals that is onto the real numbers.

[((

D (0) = {(cos Inm0, sin 2n7m0) € RZ:n € N} Prove that double inequality

is a dense subset of the circle S* : x? +y2 = 1.

(b) Find a countable and dense subset of R \ Q with
respect to the usual metric. max

1<i<p
Let us denote S? the unit sphere that is the set

S? = {(X,U,Z) ER?

x2+y2+z2:1}

If f : S — S? is a continuous function such that
f(x) # f(—x) forall x € S? then prove that f is onto.

@ Examine if there exist non constant functions f : R — R

that map any open interval onto a closed one.

Let (X, d) be a complete and a compact metric space.

Prove that there exists a unique number r = r(X, d)
with the property:

EWell , the problem actually is not of an analysis nature but that of Alge-
braic Topology. Try to construct a deformation retraction from R? \ {0, 0} to

= ﬁ Then the fundamental

groups are isomorphic , however 711 (S!) = Z and hence the fundamental
group is not trivial. Therefore , the set is not simply connected.

§Simply take
1 1
G = ——m+ =
U (m n m+ n)

mez

S! ( the unit circle ). For example take f(x)

Qq1 = Qqp/ ||y
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Integrals and Series

Evaluate
S G
dx
= Lk
L = (n+x)
Let a > —1. Evaluate

/2
Jd= / log (1 + asin® x) dx
0

Letn € N | n > 2. Prove that
/°° log (%) d 1 TIZQ 1
X = -
o (I4+x)m n_lk:1k
Evaluate the integral

arctan
+1

dx
1+ 2x — 2x2

0 arctan

Let a € R. Evaluate the integral

g— cos ax
eX +e >

Evaluate the integral
— 4 8in 2x
d
J = / x2+4 x x
Evaluate the double series
o0 o0
(~1)k! 1
S =

k=1

(((

(Putnam 2016)

Evaluate the integral
! 1 1
Jd= + — ) dx
b 1—x Inx

[(J

(Russian Mathematical Olympiad)

@ For any positive integer n , let (n) denote the closest

integer to \/n. Evaluate the sum

Let (1) denote the trigamma function. Evaluate the
sum

o0

(00 m)’

(Cornel Ioan Valean)

n=1

(Putnam 2001) Let Liy denote the dilogarithm function and I" denote

2 9(n) 4 9—(n)
$=) —n—
n=1
@ Prove that
47r\[smh ”\ﬁ
H (1—x™
v/23 cosh #

@ Evaluate the integral

3_/1 arctan v/2 + x2 dx
0 (1+x2)v2+x2

(@

EThis integral is known with the name >Ahmed’s integral” .

the Gamma function. Prove that

1
/ (Lig (e7#™X) + Lis (e™) ) log I'(x) dx = ‘:(23)
0

where ( is the Riemann zeta function.

€The evaluation of this integral allows to tell that

Re {11)(0) (Z — %) — 0 (i - %)} = msech (%)

where (%) is the digamma function.
€0ne can also evaluate the general form

21
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Let Liy denote the dilogarithm function. Prove that

00 2
/ Lip (e7™) arctan x dx = ™ 343)
0

18 8
Prove that

o0
Z arctan (
n=1

10n In3 T
= In _——
(3n2 +2) (9n2 —1) 4

Let ¢ denote the Riemann zeta function. Prove that

7.[2

= k((2k)
Z 4k—1 =
k=1

@ Let Lis denote the trilogarithm function. Prove that

= o TT(3)
2 Lis (e7) = 55— =5

(Seraphim Tsipelis)

Prove that

2—V3
arctant
dt = =1 (2— 3)
/0 t 1308 (2 V3

25
T3

where G denotes the Catalan constant.

@ Prove that
o0

where 7y stands for the Euler - Mascheroni constant.

(2n+1)
m+1)(2n+1)

=1-v

(Seraphim Tsipelis, Kotronis Anastasios)

@ Evaluate the following double series

m+nmln(m—i—n)
(m+n)3

5=) 3 -1

m=1n=1

(Enkel Hysnelaj)

@ Let H,, denote the n-th harmonic number. Prove that

5 ﬂf( Z“ 1) _Te4)
n k2
n=1 k=1
where ( is the Riemann zeta function.

@ Let H,, denote the n-th harmonic number. Prove that

@Provethat
o j
NI

@ This series may be called as "The harmony of the

harmony” . Evaluate the series

1 n2
m 6

Ly -

m=1

o0
n=1

1 n
(n + 2)2n+2 kZl K+

Let Z > k > 1. Prove that

1 k+1
/ In®(1—x) Inx dx = (—=1)** k! <k+ 1— Z c(k)>
0

m=2

where ( denotes the Riemann zeta function.

(Ovidiu Furdui)
Evaluate the series
00 n7
cos Bt
-3 o
9 — 4n?2
n=1
Let r € R. Prove that
> < sinhr )
Z arctan =T7r
coshn
n=—co

(((

EThe more general identity

ﬁ 14 sinr _ emrr?
coshn

n=-—o00

for Re(r) = 0 seems to be true as pointed out by Tintarn at AoPS.com.
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(H. Ohtsuka) Calculate
> inh 1
@ Evaluate § = Z arctan (sinhn) arctan (sm )

coshn
n=1
/ ® arctanx
— dx
—oo X' x+1 (H. Ohtsuka)
@ Let ' denote the Gamma function. Evaluate the integral Let {-} denote the fractional part. Evaluate
1
7T/2
<log I'(x) +logl(1 —x)) log I'(x) dx g— / {tanx}
o tanx
@ Evaluate the integrals @ Calculate
) * Inx . *® Inx /2
® /0 e"+1dx i /0 e"—ldX 3—/0 xIn tan x dx
@ Let erf denote the error function. Prove that @ Let v denote the Euler - Mascheroni constant. Prove
that

*° 22 1
/ e Xerf?(x)dx = v2 arctan —
0 T V2 /°° cosx2 — cosx Y
0 2

dx =
@ Calculate
/°° X dx
0 \eX—ex 2/ x2 /°° log x
0 (2X + 1)

(x2+x+1)

X

Evaluate

@ Prove that

@ Let {-} denote the fractional part. Evaluate

1 2
log(1 4 x) log® x 7 19 4 1112 1
dx = = log2((3) — —
/0 1—x x =5 108 20(3) = 7557 /0 {X} {1_X}d"
(Cornel Ioan Valean) Let Q denote the root of the equation xe* = 1. Prove
that
Let H,, denote the n-th harmonic number. Evaluate the
sum /°° dx 1
o (X —=x)?+m2 140
I
_ _ 1\k+n
8= Z Z( 1) k+n @ Evaluate the series
k=1n=1
(Cornel Ioan Valean) S = _
Z n?4+n—1
n=—oco
@ Calculate as well as the product
o n o0
1 +klogk x?
S = M= -~
DI} Ermrrsirrieny (=
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Let ¢ denote the Riemann zeta function. Prove the
identity:

1)™¢(2n)

1. =
%ng( ) log(2m) —1——; nent D)

where Lis denotes the dilogarithm function.

@ Let G denote the Catalan’s constant. Prove that

where ( denotes the Riemann zeta function and

C(0) =—3.

Let s € C such that fRe(s) > 1. Evaluate the following

double Euler sum

1
S = ) —
: (2 +%2)°
(3.k)EZ2\((0.0)}

@ Evaluate the integral
/2
Jd= / sin’ x log (sinQ(tanx)) dx
0

< mand Kk > 0. Prove that

@ Let 0 <
/oollog <xz+2l<xcos[5+|<z> dx = o — p?
0o X X% 4 2KX cos & + K

Let vy denote the Euler — Mascheroni constant. Define

(o)
= Y x*". Prove that

1
F
yzl—/ () dx
0 1+x

@ Let B, denote the n -th Bernoulli number. Prove that

X
— logsin —

ZOO LB, X2 log X
= 10 —_
& 2

2n 2n)! 2
n=1

@ Evaluate the integral
]. —X 2T\.
d
/ log x Z x

Prove that

1977
56700

= cothnm _
e
n=1
Evaluate the sum
o0
$= )

n=—oo

log’n—i—ﬂ
n+%

(Seraphim Tsipelis)

@ Let H,, denote the n-th harmonic sum. Evaluate the

sum:

(M. Omarjee)

@ Prove that

II<I1k+1 W“@v

n(n+1)
on+3

_ eT0(3)/24¢(2)

where ( denotes the Riemann zeta function.

@ Let R > s > 2. Evaluate the ( double ) sum:

Z m2 + 4mn + n?

2 2\s
(mm)ezm ooy T MY

S =

(Kent Merryfield)

Let a € [—m, 7] and let us denote with Ci the Cosine

integral function. Evaluate the series

_ i (—1)“*1QCi(na)

n=1

(@

€The most straight forward approach is to use Fourier series beginning
by equation (2) at the link. The final answer is

S_Lﬁ+n21naiﬂ21n27 ¢'(2) a®
12 12 12 2 8

where y denotes the Euler - Mascheroni constant.
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Let o, 3 € Rsuch that 0 < & < (3. Prove that

log x

OO 2
tA T 0)(xtB) log” o

— 2p _
“apw

(Grigorios Kostakos)

(@

Let v denote the Euler - Mascheroni constant. Prove

that
® cosx™ — cos x2"
lo
0 X

@ Calculate

12y? — 2
2(4n)?

gxdx =

Let H,, denote the n -th harmonic number. Prove that
|z| < 1 it holds that

J{Qk k41 arctamz1

2
2k+1 og (1+2)

o0
@ Let B,, denote the n-th Bernoulli number. Prove that

2

)" B log sim§
2n (2n)!

X
—log = —
og B

2

@ Let G denote the Catalan’s constant and J,, the n - th

harmonic number. Prove that

i Han-3 Hino) 7  mlog2 §
-3 4n—-2) 64 32 2
n=1
3log?2  3mlog?2
16 32

SThe interested reader might as well give a try the following integral

log? x
9= / (x + o)( XHS)dX

(Cornel Ioan Valean)

Let A denote the Glashier - Kinkelin constant and 'y the

Euler - Mascheroni constant. Prove that

1]k+m+n

o0 o0 oo (—
ITITII x+n+m) == =

k=1n=1m=1
AS/Q
T 3/41/8—(7/12+v) log 2+ L log? 2

(Cornel Ioan Valean)

(Ovidiu Furdui)

@ Let k be a positive integer. Evaluate the multiple sum

1
. 11,...,Zik>1 ik 4+ +ik)?
(Ovidiu Furdui)
@ Evaluate
/“/“ﬂ&w
o Jo (ex+eY)?
(Ovidiu Furdui)

ECurrently I do not have a solution on this but the most straight forward
idea is to actually try to find the number of ways n can be written as a sum
of three numbers and reduce the triple product into a single one.
(k+1)C(k+2)

2

1k1
5ch+1—1 1+1)>
i=1

€For k = 1 the sum equals whereas for k > 2 the sum

equals

1
k! (HC (k+2)—
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Evaluate the integral
00 X _ X 1
/ ¢ In* et dx
o eXx+1 ex —1
Let 1 denote the Mobius function. Evaluate the series

= (—1)mm)
= Z —

n=1

where Re(s) > 1.

Let n € N and ( denote the Riemann zeta function.
Prove that

n'¢(n+1)

/2
. n o n
/0 (logsinx)"™ tanxdx = (—1) SLES!

@ Let G denote the Catalan’s constant. Prove that

> 16™
27 _
nZ_o (2n+3)° (2n+1)? (2;3)2

27

=5 (7&(3) +(3—29)m— 12)

(0

Let H,, denote the n - th harmonic number. Prove that

i D
(n+1)2 480

n=1

Express in terms of dilogarithm the series

8§ = Z (narccotn —1)

n=1

Let lcm denote the least common multiple. Prove that
for all s > 1 it holds that

o0 o0 1
Z Z lem®(m,n) -

n=1m=1

3(s)
((2s)

where ( is the Riemann zeta function.

€The above series was proved by Jacopo D’ Aurizio , an MSE user. The
series goes deeper and is actually a closed form of the hypergeometric func-

tion

3555
4F3 (171717575353531)

@ The n -th Fibonacci number is defined as Fp = 0,

F1 = 1 and recursively via the relation

Faro=Fny1+Fn foral n>0

Prove that

="
n+1 (Fn + Fn—!—?)

3 arctan = arctan (V5 — 2
n=0 F

Let ¢ denote the Riemann zeta function and let
N > s > 2. Prove that

2¢(s) (25 —=2)T(s+1)

45

1
/ arctanh®(x) dx =
0

o0 L 2 omn+1 (=
: m) \oant1+(—1)nt

Let T;, denote the n - th triangular number. Evaluate

0]

(8T — 8Tn+1—3)

n:l

Let Y (0)

Mobius function. Prove that

1 1
(1102 ) ==
<+n> 2

@ Let 1 denote the Mobius function. Prove that

denote the digamma function and p the

= uin)

= p(n)l
Z}l ogn -1

n=1

Let gd denote the Gudermannian function. Evaluate the

8_//gd log xy) d(x, )

integral:
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Let F,, denote the n -th Fibonacci number and let ?Cg )

denote the n -th harmonic number of weight 2.
Evaluate the series

s Fndt

n=1 T12 (27?

@ Let (1) denote the trigamma function. Prove that

2t = 77 (@2 - Lis)

In continuity , investigate for which x € R does the
series converge .

@ Let (1) denote the trigamma function. Prove that

— P )(n+1) o 9¢(6)
Z BAS A0

n=1

( Seraphim Tsipelis )

Let Lis denote the dilogarithm function. Evaluate the
double integral

=/ [
@ Evaluate the series

9
Q= Z arctan <9+ (3n+5)(3n+8)>

n=1

logxlogy Lis(xy)
1—x)1—-y) xy

d(x,y)

( Dan Sitaru )

Let 'y denote the Euler - Mascheroni constant and {-} the

fractional function. Prove that

1 2
- Lagx="
—x} Y

/Ol{x}.{l

Let {-} denote the fractional function. Prove that

/”de_l_ﬂ“
. x5 T 3 360

Let a € R.Evaluate the integral
=),

Let ¢ denote the zeta Riemann function and Liy denote

the dilogarithm function. Evaluate the integral

c(2)
— 1—x> dx

sin? ax
1 —eX)

Lia(x)

1
log x log(1—x)+Li (X)} (
[ [ 2 x(1—x)

(©

@ Let H,, denote the n-th harmonic number. Prove that

o0
3
g n(n + 1) = 3¢(3)
Let ¢ denote the Riemann zeta function. Define

N _fdm) , n>1
L

where vy is the Euler - Mascheroni constant. Evalate the
series

5= 3 10— 1) cos (37)

n

n=1

@ Let n, m € N. Define:
(m) _ % pm (M)
m

(a) Prove that Sg) = %SLO)

(b) Use (a) to deduce that

n+2

g® _ s 4
L om4+1) "t +
(c) Prove that
= nfl_n%—lnﬂ2k
Z k T 9n+l k
k=0 k=1

EThe result is 47(2)¢(3) — 9¢(5).
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[((

Prove that

@ Let Li4 denote the polylogarithm of order 4. Evaluate

the integral

dx

log x log(1 — x)Lig(x)
- / 1

—X
@ Evaluate
o=
Evaluate the sum
o0

n=1

dx

1
<x2+1) (x2+1)

4n2 —1)

Let L,, denote the n -th Lucas number, defined by
Lp=2,L;=1andforalln > 2

Ln=Lh1+Lho

Compute the series

S = arctan < nil )

@ Compute the multiple integral

[0,1]™

Y g log (1 —xi) [Tr_q log(1 —xi) a(x
(a0 [ b

@ Let H,, denote the n-th harmonic number. Prove that

215

2
EC(G) —3C°(3)

B
= z =
=5 kn(k +mn)
Evaluate the integral

sm ax
dx
J= / 1—eX

€In fact something more general holds

—1 n+1

n+1 (ak+1b%) (

..,xn)/oo 1 1 x o]
_Z X = -
o \sinhx x/ x2 + 4m2s2 2

)+ )

o 9 1 .
sin (x"+ —< | dx=4/5 (sin 2 + cos 2)
o X 2

Let ged(-,

Evaluate the sum

.

n=1

-) denote the greatest common divisor.

ged(n, 2016)
n2

Prove that

I T
Inx+Iny+Inz 2
@ Evaluate the double integral
=) e
/2 . 3
@ Prove that / xlog (1 —sinx) (1 —sinx) dx=-"
sin X 8

@ Prove that

sin(xy) dx dy

v (s+3) v+

where 1 denotes the digamma function.

(e.¢]

@ Let § denote the Sophomore’s constant, namely
1

S = / thdt = Z (—D)™In™ ~ 0.7834305107

0 n=1

Prove that // (xy)™¥ d(x,y) = 8.

[0,1]2

@

. €An interesting question is the following integral

S av () - o )
k=0

and is a consequence of a theorem named by Mansour who proved it.

(a+b)(++

g= /// (xy2)™* d(x,y,2)
[0,1]3
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Open Problems

In this section we shall present some open problems.

1. Can we cover a unit square with X kil rectangles? Here
ke N
2. Is the sequence (%)n mod 1 dense in the unit interval?

3. Is it true that
S 1+ 14n+76n2 +168n° (2n\ " 32
Z 220n n/) 73
n=0

@

. (The following is called Giuga Conjecture or Agoh-Giuga
Conjecture and its origins can be traced back in 1950.) A
positive integer p > 1 is prime if and only if

p—1
Z P~l=—-1 (mod P)

i=1

. Why is it so difficult to prove that e + 7t is irrational?

6. Let (%) denote the Legendre symbol. Is it true that
24 (™2 ltant = /ny 1
ey (5
T Jn tant — /7 =\7)n
7. Is the Catalan’s constant defined as
o
2
— (2n+1)
irrational?
8. Let H,, denote the n - th Harmonic number. Is it true

that for all n > 1 it holds that

> d<H

dn

+ (log Hn)e’

(@

€This kind of identity is amenable in principle to automatic theorem-
proving methods, but (using known techniques) is out of reach of current
computers. Another such formula is the Cullen’s Pi Formula that can be
found here.

gActually Jeff Lagarias showed that this is equivalent to the Riemann hy-
pothesis!

29

Let xg = 2. Is it true that the sequence {Xxn }ncn defined
as

Xn4+1 =Xn — X
n

is unbounded?

10. Does the series

Z1 n3sin‘n

converge?

11. Is it true that

1
lim =0

n—+foo N?sinn

((

12. Let py, denote the . -th prime. Is the series

(1" 'n

Pn

s
convergent? =

13. Is there a dense subset of a plane having only rational

distances between its points?

14. For every odd prime is it true that one has

Ol 4+11+---+(p

~1)I#£0 (mod p)

((

15. (The following is known as Littlewood’s conjecture.) For

o, B € Ris it true that

liminf(n - |ned| - |nBl) =
n—+o0o

Here || - || denotes the distance to the nearest integer.

16. What is the largest possible volume of the convex hull of

a space curve having unit length?

EWe would expect this to tend to zero, but the proof is beyond what is
currently known. It is expected that the irrationality measure of 7t is 2 (it is
known that all but a zero-measure set of real numbers have irrationality mea-
sure 2). Therefore, it is expected that the sequence tends to 0 but currently
there is no proof for that.

€The origin of this problem traces back to Paul Erdds .

€This is known as Kurepa’s conjecture. A proof was claimed and pub-
lished in 2004 but the claim was withdrawn in 2011.


https://en.wikipedia.org/wiki/Legendre_symbol
http://members.bex.net/jtcullen515/Math.htm

Appendix

In this appendix we shall discuss the convergence of both the

o0
sequence X, = sin (™) and the series )_ sin (wac™).
n=1

We shall begin with an exercise that already lies in this booklet.
We are proving that the series

S—isin<n(2+\/§)n>

n=1

converges.
Proof. Due to the binomial expansion we have that

<2+\/§)n+ (2—\/§>n — 9T,

where [, is an integer.

Thus,

sin<n<2+\/§>n>’ =

sin <27r]1n—7'c(2— \/§)n>’
sin <n (2—@)“)‘

<7c<2—\/§>n

The last is a geometric progression with common ratio A less
than 1. Thus, the original series converges absolutely.

In fact, the series converges to some negative number greater

—_— 7-[ 1 1 -
than YL The convergence of § is not exceptional. Some

thing deeper is at play here.

Pisot-Vijayaraghavan number

Pisot-Vijayaraghavan number, also called simply a Pisot num-
ber or a PV number is a real algebraic integer greater than 1
all of whose Galois conjugates are less than 1 in absolute value.

These numbers were discovered by Axel Thue in 1912 and re-
discovered by G. H. Hardy in 1919 within the context of dio-
phantine approximation. They became widely known after the
publication of Charles Pisot’s dissertation in 1938. They also
occur in the uniqueness problem for Fourier series. Tirukkan-
napuram Vijayaraghavan and Raphael Salem continued their
study in the 1940s. Salem numbers are a closely related set of
numbers.

A characteristic property of PV numbers is that their powers
approach integers at an exponential rate. Pisot proved a re-
markable converse: if o« > 1 is a real number such that the
sequence |||/ measuring the distance from its consecutive
powers to the nearest integer is square-summable, or €2, then
« is a Pisot number.

An algebraic integer of degree n is a root « of an irre-
ducible monic polynomial P of degree n with integer
coefficients, its minimal polynomial. The other roots
of P are called the conjugates of «. If @ > 1 but all
other roots of P are real or complex numbers of abso-
lute value less than 1, so that they lie strictly inside the
circle [zl = 1 in the complex plane, then « is called
a Pisot number, Pisot-Vijayaraghavan number or
simply PV number.

For instance the golden ratio ¢ is a real quadratic integer that is
greater than 1 while the absolute value of its conjugate —¢@ !
is less than 1. Thus, @ is a Pisot number and its minimal poly-
nomial is x? —x — 1.

Elementary Properties

¢ Every integer greater than 1 is a PV number. Conversely,
every rational PV number is an integer greater than 1.

¢ If « is an irrational PV number whose minimal polyno-
mial ends in k then « is greater than [k|. Consequently,
all PV numbers that are less than 2 are algebraic units.

¢ If o is a PV number then so are its powers «* for all
natural number exponents k.

¢ Every real algebraic number field K of degree n contains
a PV number of degree n. This number is a field genera-
tor. The set of all PV numbers of degree n in K is closed
under multiplication.
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4 Given an upper bound M and degree n, there are only
a finite number of PV numbers of degree n that are less
than M.

4 Every PV number is a Perron number (a real algebraic
number greater than one all of whose conjugates have
smaller absolute value).

Diophantine properties

The main interest in PV numbers is due to the fact that their
powers have a very “biased” distribution (mod 1). If ot is a PV
number and A is any algebraic integer in the field Q(«) then the
sequence ||Ax™| where ||-|| denotes the distance from the real
number x to the nearest integer, approaches 0 at an exponential
rate. In particular, it is a square-summable sequence and its
terms converge to 0.

Two converse statements are known: they characterize PV num-
bers among all real numbers and among the algebraic numbers
(but under a weaker Diophantine assumption).

» Suppose « is a real number greater than 1 and A is a non-

&8
zero real number such that 5 [|]A«™||? converges. Then
n=1
« is a Pisot number and A is an algebraic number in the

field Q () (Pisot’s theorem ).

» Suppose « be an algebraic number greater than 1 and A
is a non-zero real number such that [|[Ax™| — 0. Then
« is a Pisot number and A is an algebraic number in the
field Q ()

Some more results

Pisot (1938) proved the fact that if 8 is chosen such that there
exists a A # 0 for which the series Y sin? (mAO™) converges

n—=
then 0 is an algebraic integer whose conjugates all (except for
itself) have modulus less than 1, and A is an algebraic integer

of the field K (0).

The proof of this theorem is based on the lemma that for a Pisot
number 0, there always exists a number A such that 1 <A < 6
and the following inequality is satisfied:

72 (20 + 1)

sin? (TAB™) <
LI < T e

Back to the problem

It is known that for almost all x > 1 (i.e except a set of Lebesgue

measure 0), {«™}, the fractional part of &™ is an equidistributed

sequence. A consequence of this is for almost all o« > 1, the

sequence sin(ma™) does not converge to 0 and hence the series
o0

> sin(mta™) diverges.
n=1

There are known exceptions to this. In particular, it is known
that {«™} is not equidistributed mod 1 if « is a PV number;
i.e. an algebraic integer o« > 1 and all other roots of its mini-
mal polynomials lie strictly inside the unit circle. Since the PV

numbers have a very “biased” distribution (mod 1) we conclude
that the series

S = Z sin(7tac™)
n=1

converges whenever o is a PV number. Because 2 + /3 is PV
number we conclude that the series converges.

Problem 1: Discuss the convergence of the series

sin (n (5 + \f?)n>

Problem 2: Discuss the convergence of the sequence

.

n=1

Xn = sin <7c (5+\f7)n>
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